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CLASSIFICATION OF CONFORMALLY FLAT ISOPARAMETRIC
SUBMANIFOLDS OF EUCLIDEAN SPACE
CHRISTOS-RAENT ONTI
Dedicated to the memory of Manfredo P. do Carmo
Abstract. In this note we provide a direct proof of the complete classification of
conformally flat isoparametric submanifolds of Euclidean space.
1. Introduction
A submanifold f : Mn → Rm is said to be isoparametric if it has flat normal bundle
and the shape operator in any parallel normal direction has constant eigenvalues. This
class of Euclidean submanifolds has been investigated extensively by several authors
throughout the years; see, for example [1, 3, 5, 7–13, 15, 17–19, 21–27]. The aim of this
short note is to provide a direct proof on the complete classification of conformally flat
isoparametric submanifolds of Euclidean space by using recent results presented in [6].
Recall that a Riemannian manifold Mn is said to be conformally flat if each point lies
in an open neighborhood conformal to an open subset of Euclidean space Rn.
The following is the main result.
Theorem 1.1. Let f : Mn → Rm, n ≥ 4, be an isometric immersion of a conformally
flat manifold into Euclidean space. If f is isoparametric then f is an open subset of one
of the following:
(i) Sn, (ii) Rn, (iii) Rn−k × S1 × · · · × S1 ⊂ Rn+k, (iv) S1 × · · · × S1 ⊂ S2n−1 ⊂ R2n,
(v) R× Sn−1 ⊂ Rn+1, (vi) S1 × Sn−1 ⊂ Rn+2.
Remarks. (I) Theorem 1.1 can also be extended to non-flat space forms.
(II) A similar classification also holds if we replace the conformal flatness hypothesis
with the Einstein one, i.e., Riemannian manifolds with constant Ricci curvature. In
particular, something weaker holds and that is that in this case the submanifold does
not have to be a priori isoparametric but only to have flat normal bundle and parallel
mean curvature vector field (see [16]). The reason we do comment on this case is due to
the fact that these two larger classes, namely the Einstein and the conformally flat ones,
are (natural) extensions of the class of Riemannian manifolds with constant sectional
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curvature, which is a subject that has been investigated extensively (from the subman-
ifold point of view) by many authors throughout the years; for a survey see [2]. Notice
that the only Riemannian manifolds that are simultaneously Einstein and conformally
flat are precisely the ones of constant sectional curvature.
Acknowledgements. The author would like to thank and express his sincere gratitude
to Antonio J. Di Scala for his valuable comments and suggestions that have led to the
present revised version. In particular, he pointed out to the author that: (i) the “proper”
assumption (that was in a previous preprint version of Theorem 1.1) should be dropped
and (ii) a different non-direct proof of Theorem 1.1 can also be derived if one combines
deep results of Terng, Thorbergsson and Alekseevskii.
2. Preliminaries
In this section we recall some basic facts. Let f : Mn → Rm be an isometric immersion
of a Riemannian manifold into the Euclidean space. The second fundamental form α of
f is a symmetric section of the vector bundle Hom(TM × TM,NfM), where NfM is
the normal bundle of f . We say that f is totally umbilical if
α(X, Y ) = 〈X, Y 〉H,
where H is the mean curvature vector field.
If f has flat normal bundle, that is, at any point the curvature tensor of the metric
induced from the ambient space on the normal bundle of the submanifold vanishes, then
it is a standard fact (see [20]) that at any point x ∈ Mn there exists a set of unique
pairwise distinct normal vectors ηi(x) ∈ NfM(x), 1 ≤ i ≤ s(x), called the principal
normals of f at x. Moreover, there is an associated orthogonal splitting of the tangent
space as
TxM = E1(x)⊕ · · · ⊕ Es(x)(x),
where
Ei(x) =
{
X ∈ TxM : α(X, Y ) = 〈X, Y 〉ηi(x) for all Y ∈ TxM
}
. (2.1)
If s(x) = k is constant on Mn, then f is said to be proper. In this case, the maps
x ∈Mn 7→ ηi(x), 1 ≤ i ≤ k, are smooth vector fields, called the principal normal vector
fields of f , and the distributions x ∈ Mn 7→ Ei(x), 1 ≤ i ≤ k, are also smooth. If ∇
denotes the Levi-Civita connection of Mn, then the Codazzi equation is easily seen to
yield
〈∇XY, Z〉(ηi − ηj) = 〈X, Y 〉∇
⊥
Zηi (2.2)
and
〈∇XV, Z〉(ηj − ηℓ) = 〈∇VX,Z〉(ηj − ηi) (2.3)
for all X, Y ∈ Ei, Z ∈ Ej , and V ∈ Eℓ, where 1 ≤ i 6= j 6= ℓ 6= i ≤ k.
We remark that if f is isoparametric then f is proper.
The following is contained in [6].
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Proposition 2.1. Let Mn be a conformally flat manifold and let f : Mn → Rm be an
isometric immersion with flat normal bundle. If at some point of Mn we have k ≥ 3,
then the vectors ηj − ηi and ηj − ηℓ are linearly independent for 1 ≤ i 6= j 6= ℓ 6= i ≤ k.
The following is also contained in [6].
Theorem 2.2. Let f : Mn → Rm, n ≥ 4, be an isometric immersion with flat normal
bundle and proper of a conformally flat manifold. Then f carries at most one principal
normal vector field of multiplicity larger than one.
The following is well-known; cf. [4].
Proposition 2.3. A Riemannian product is conformally flat if and only if one of the
following possibilities holds:
(i) One of the factors is one-dimensional and the other one has constant sectional
curvature.
(ii) Both factors have dimension greater than one and are either both flat or have op-
posite constant sectional curvatures.
A map f : Mn → Rm from a product manifold Mn = Πki=1Mi is called the extrinsic
product of immersions fi : Mi → R
mi , 1 ≤ i ≤ k, if there exist an orthogonal decompo-
sition Rm = Πki=0R
mi , with Rm0 possibly trivial, such that f is given by
f(x) = (v, f1(x1), . . . , fk(xk))
for all x = (x1, . . . , xk) ∈M
n and v ∈ Rm0 .
Let f : Mn → Rm be an isometric immersion of a Riemannian manifold. If Mn =
Πki=1Mi is a product manifold then the second fundamental form α is said to be adapted
to the product structure of Mn if
α(Xi, Xj) = 0 for all Xi ∈ TMi, Xj ∈ TMj with 1 ≤ i 6= j ≤ k,
where the tangent bundles TMi are identified with the corresponding tangent distri-
butions to Mn. The next result, due to Moore [14], shows that extrinsic products of
isometric immersions are characterized by this property among isometric immersions of
Riemannian products.
Theorem 2.4. Let f : Mn → Rm be an isometric immersion of a Riemannian product
manifold Mn = Πki=1Mi with adapted second fundamental form. Then f is an extrinsic
product of isometric immersions.
3. Proof of Theorem 1.1
Assume that k ≥ 3, since otherwise the result is immediate. We claim that each
distribution Ei, 1 ≤ i ≤ k, is parallel, that is
∇XY ∈ Ei for all X ∈ TM, Y ∈ Ei and 1 ≤ i ≤ k.
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Since f is isoparametric we have that the principal normal vector fields are parallel in
the normal connection. Therefore, it follows from the Codazzi equation (2.2) that each
distribution Ei, 1 ≤ i ≤ k, is totally geodesic. Thus, we only need to show that
∇XY ∈ Ei for all X ∈ Ej and Y ∈ Ei
with j 6= i. Indeed, we consider Y ∈ Ei, X ∈ Ej, Z ∈ Eℓ ⊂ E
⊥
i and distinguish the
following two cases.
If ℓ = j, then we get
〈∇XY, Z〉 = −〈Y,∇XZ〉 = 0, (3.1)
where we have used the fact that Eℓ is totally geodesic.
If ℓ 6= j, then from (2.3) we obtain
〈∇XY, Z〉(ηℓ − ηi) = 〈∇YX,Z〉(ηℓ − ηj).
Using Proposition 2.1, we get
〈∇XY, Z〉 = 0 for all X ∈ Ej , Y ∈ Ei, Z ∈ Eℓ, (3.2)
with ℓ 6= i 6= j. Therefore, from (3.1) and (3.2), we obtain that ∇XY ∈ Ei for all X ∈ Ej
and Y ∈ Ei with j 6= i. This completes the proof of the claim.
Now, de Rham’s theorem implies that around every point x ∈ Mn there is a neigh-
borhood U that is the Riemannian product of the integral manifolds M1, . . . ,Mk of the
distributions E1, . . . , Ek respectively, through a point y ∈ U . Therefore, since the second
fundamental form of f is adapted, Theorem 2.4 implies that f |U is an extrinsic product
of isometric immersions fi : Mi → R
mi , 1 ≤ i ≤ k, which due to (2.1) and our hypothe-
sis have to be totally umbilical and with mean curvatures of constant length. Now, the
classification follows easily by using Theorem 2.2 and Proposition 2.3. This completes
the proof. 
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